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Abstract

This paper investigates methods to measure the
connection-level quality of mobile ad hoc networks.
Using an exactly solvable 1-dimensional model, we
derive a set of closed formulas that describe the qual-
ity of MANETS concerning connectivity, stability, and
coverage. These results allow us to predict the mini-
mum number of network nodes for a certain quality
level (the “critical mass™) without the need for numer-
ical simulations.

I. Introduction

Mobile ad hoc networks are self-organizing structures
in which mobile nodes are temporarily connected
without the aid of any fixed infrastructure or central-
ized administration. Mobile ad hoc networks promise
a high potential for mobile and ubiquitous computing
scenarios. As mobile devices and wireless networks
get increasingly powerful, many researchers expect
that mobile ad hoc networks (in the following called
MANETS) will play an important role for mobile users
in the future. Many encouraging simulations affirm
this view.

Even though MANETS are not planned like tradi-
tional networks, reasonable MANETS have to fulfill
various conditions to be useful. Nodes, e.g., have to
use the same radio technology and the same ad hoc
routing protocol. Inside the covered area, a sufficient
number of nodes (which we call the critical mass) is
required to get a useful connectivity. In this paper,
we abstract from specific routing protocols, network
hardware, etc. and describe the quality of a network
with the help of a set of measures that consider the
number of nodes, the communication range and the
geometric size of the network’s area. For each mea-
sure, a closed formula is provided and verified with
the help of simulation results. As an important re-
sult, the expected quality of a MANET can be eval-
uated with the help of our formulas without the need
to install a MANET in the field or even simulate the
MANET inside a network simulator.

In order to derive explicit results for the quality lev-
els, we make use of a 1-dimensional MANET model
that was recently shown to be exactly solvable [4];
here, network nodes are deployed at random along
a straight line. Disregarding boundary effects, this
model allows the direct description of quantities that
are related to the next-neighbor distances of nodes,
which makes it particularly suited for a discussion of
node-to-node connectivity.

The paper is organized as follows: In Sec. IlI, we
introduce a general notion of quality measures for ad
hoc networks and give some examples of such mea-
sures. They will be analyzed in detail in Sec. 1V,
where we will obtain analytical results in the 1-
dimensional model, which will then be compared to
simulation results in Sec. V. In Sec. VI, we apply
our results in order to give quantitative predictions for
the critical mass of 1-dimensional MANETSs. Appli-
cations to MANETS in 2 and 3 dimensions are dis-
cussed in Sec. VII. We end with a brief outlook in
Sec. VIII.

This paper is partially based on a thesis by one of
the authors [4].

Il. Related Work

In the literature, the quality of MANETS is usually
described by the probability that the network is con-
nected, i.e. that there is a multi-hop network path be-
tween each pair of nodes. Some early works [11, 12]
established asymptotic estimates for the probability
of connectedness in 1-dimensional systems and con-
jectured analogous results for 2-dimensional systems.
The nodes were distributed on an area (or line seg-
ment) according to a Poisson process of homogeneous
density. The authors also dealt with the probability
that the area is completely covered by the MANET,
i.e. that each point is in the range of at least one net-
work node. Recently, the results for 2-dimensional
systems were made precise by Xue and Kumar [15].
Denoting the number of network nodes by n, they
show that the number of neighbors each node connects
to must grow by a factor ©(Inn) in the limit n — oo



if one wants to keep connectedness. Similar results
were found when the radio range is varied as n — oo
[6, 9].

The probability of connectedness was also consid-
ered by Santi and Blough [14]. The authors derive as-
ymptotic estimates mainly for the 1-dimensional sys-
tem and present numerical (simulation) results also for
2- and 3-dimensional systems. Bettstetter [2] intro-
duced the more general condition of k-connectedness.
(The network is called k-connected if there are at
least £ independent network paths between each node
pair.) Using results from the theory of random graphs
[10], he established analytical estimates for the 2-
dimensional case and verified them with numerical re-
sults. He also calculated the probability that none of
the nodes is completely isolated in the network.

More general quality measures have been defined
by one of the authors [13] and investigated in a numer-
ical simulation. Here, alternative quantities based on
the number of separated network segments, the size
of these segments, and their dependence on changes
in the network (e.g. a node being switched off), are
taken as a quality indicator.

Further, an analytical estimate of the bandwidth
available to each node is given by Gupta and Ku-
mar [7]. The authors show that this bandwidth is of
the order W/v/nlnn, where W is the bandwidth of
the point-to-point links; thus, the throughput that each
node is able to use rapidly decreases with the network
size.

I1l. Measuring MANET's properties

I11.A. The general setting

In the following, we consider a MANET with a fixed
number n of network nodes which are deployed in an
s-dimensional region (i.e., for s = 1, along a line or
curve, for s = 2, within an area, and for s = 3, in
a volume). The positions of the network nodes usu-
ally cannot be controlled, and so we assume them to
be random according to some probability distribution.
All quantities () describing the state of the network
(we call them quality measures for our purposes) thus
become random variables, and we are usually inter-
ested in their expectation value Q = E[Q], i.e., the
mean quality of the network.

Our analysis restricts to the situation of the network
at fixed time. This may seem to be a bit contrary to our
goal to describe mobile ad hoc networks. However,
mobility of the nodes does not imply that the prob-
ability to find a node within a specific region varies
with time. Further, we abstract from specific routing

protocols and technical details, and merely focus on
the question whether network nodes are connected to
each other. Neglecting the aspects of link through-
put or packet loss rates, it is justified to assume that
all nodes have an equal circular radio range r, below
which two nodes are connected to each other, and be-
yond which the communication breaks down imme-
diately. We will now present some specific quality
measures based on this model.

I11.B. MANET's properties

What type of quantity should be used to measure the
quality of ad hoc networks? One natural choice for
such a quality measure is the probability that the net-
work is connected. However, one may go further and
ask the following questions:

e \When a new node enters the area of a MANET,
how high is the probability to be instantly con-
nected?

e Once a node is connected to the MANET, how
many nodes can it access, or in turn, how many
nodes can access the new node?

e Once a node accessed another node, how stable
is the communication link?

In order to answer these questions, the following
quality measures have been introduced in [13].

Area Coverage. Area coverage is the area Acovered
covered by the range of at least one MANET node
(Fig. 1), divided by the total area Ay Of the system:

Acovered ( 1)
Atotal '

QCoverage =

Its expectation value may be understood as the proba-
bility that an external network node, with its position
randomly chosen, will be able to connect to at least
one of the n nodes of the MANET.

Segmentation. The segmentation of a MANET
counts the number of disconnected segments in the
network, i.e. the number of subgraphs into which the
network graph is separated: We set

# of network segments
- .

()

QSegmentation =



Figure 1: The MANET’s covered and total area

Vulnerability. The next quality measure we con-
sider is related to the question how much the network
quality or topology changes when a single node is re-
moved from the network. We define the importance
of the network node with number j as

I; := max{0, (# segments with node j removed)
— (#segments)}; (3)

i.e. I; is the number of network segments which are
created by switching off node j in the current config-
uration. Nodes with I; > 0 make the network “vul-
nerable” against changes (Fig. 2).

[oRm—— Qitnerapiny =113 Qitneraniny =25 Qterainy =315

Figure 2: The importance of nodes and the MANET’s
vulnerability

This motivates to define the vulnerability of the net-
work as

1 n
ility := — E 1. 4
QVuInerablIlty n ~ J ( )

Reachability. The reachability is concerned with
the number of nodes that can be reached from a given
node (in a multi-hop fashion), or, alternatively speak-
ing, with the size of the segments of the network. We
define the reachability of some fixed node j as

_ #of nodes reachable from node ;j

R;j : -

©)

Here we do not count the node itself as reachable. Our
intended quality measure, the average reachability, is
then defined as follows.

1 n
QReachabiIity = E Z Rj' (6)
j=1

As said before, the above four quality measures
have already been considered in [13]; but only simula-
tion results were obtained for them in specific models.

I11.C. Scalability

While the choice of specific quality measures natu-
rally is very dependent on the usage scenario and ap-
plication, there is one property that we wish to discuss
in a general context: It is related to the scaling behav-
ior of the system, since we are usually interested in
the limit of large MANETS (n — o0).

A MANET in our sense is characterized by its
node number n, the radio range r, and a characteristic
length ¢ of the deployment region (say, its diameter);
we neglect other possible parameters in this section.
A quality measure () also depends on these parame-
ters; we denote this dependency as Q"9). Varying
the system parameters n, r, ¢, the size of the deploy-
ment region scales as ¢°, while the area covered by
one MANET node scales as r*. Thus, the quantity

v =nr’/l° @)

can be interpreted (up to a constant) as the mean num-
ber of nodes reachable from some point within the de-
ployment region.

We are particularly interested in quality measures
() which are “intrinsic” properties of the system, i.e.
related to its behavior in the bulk. Such a quality level
should not change, if we divide the system into equal
parts, or join several identical systems into one. Since
it is precisely the quantity v which stays invariant un-
der such operations, one may expect that Q would de-
pend on v only — rather than on n, r, and ¢ individu-
ally —, at least in the limit of large systems.

Let us express this more formally. We describe the
limit of large systems as n — oo and consider r = 7,
and ¢ = ¢,,, and hence also v, = nr} /7, as functions
of n. Motivated by the considerations above, we say
that a quality measure @ is intensive, if it shows the
behavior

E[Q(n7rn’£”)] — Q(V) asn — oo, vy — U, (8)

where the limit function Q is nontrivial, i.e., not con-
stant for all limit values v.



By this definition, we do not intend to say that only
intensive quality measures are relevant in practice, or
that non-intensive measures are not meaningful. In
fact, such non-intensive quality measures may be re-
quired for some applications. However, one should
keep in mind that they may not scale well for large
systems: For example, if we need v, — oo in or-
der to keep the quality level of the system constant
as n — oo, then this means that the average num-
ber of nodes that are reachable from some point needs
to grow arbitrarily in the limit; thus we are likely to
run out of local channel capacity. Hence applications
which rely on a high quality level with respect to non-
intensive measures may not be feasible in networks
with a high node number.

IV. An Analytical Approach

We now proceed to a specific MANET model which
we analyze in detail. This model restricts to the case
s = 1, i.e., the nodes are located along a straight line.
One might think here of pedestrians moving along
sidewalks, or of cars on a road, that carry wireless
devices. We consider a fixed number n of network
nodes that are deployed at random to an interval [0, ¢],
where the locations of individual nodes are indepen-
dent of each other, and no point within the interval is
preferred. In this simple situation, we can derive ex-
plicit analytical results for our intended quality mea-
sures.

Technically, we use the same model as exposed in
[4]: The locations of nodes are described by the sam-
ple space

considered with the equal distribution. Then qual-
ity measures are functions Q™9 : Q, — R. We
shall briefly recall the terminology and results of [4,
Chap. 3], since our methods are based on these tech-
niques.
First, it is useful to note that all of our quality mea-
sures @ fulfill the property
YA>0: Qnml(z) = QA (Ax).  (10)
[To see this, note that QA (\x) describes a sit-
uation where all coordinates, lengths, etc. of the sys-
tem have been scaled by a factor of \. By geomet-
ric similarity, this transformation does not change the
number of network segments, nor the fact whether two
nodes are connected.] Then a simple scaling argument
shows us that the expectation value E[Q™™)] de-
pends on n and the “normalized radio range” p = r /¢

only; hence we may simply assume a radio range of p
and a sample space of 2, = [0, 1]™.

Further simplification is possible, if we eliminate
boundary effects by introducing periodic boundary
conditions. we identify the left and right end points
of the region [0, 1] with each other, allowing nodes
to connect “via the boundary” (cf. Fig. 3). More for-
mally, this means that two nodes 7 and j are connected
notonly if |z; —z;| < p, butalso if |z; —z; £1] < p.
This introduces an additional translation symmetry
which we can exploit to simplify the situation.

Ys
Y1
Y,
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Figure 3: Periodic boundary for three nodes

Since our quality measures do not change when per-
muting the node coordinates, we can always assume
that the components of € (2, are written in sorted
order, i.e. 1 < ... < z,. We use this ordering to
introduce the next-neighbor distances

Yi = Tjr1 — T4 fori e {1,...,n— 1},
Yn = 21 — Ty + L. (11)
It was shown in [4] that these next-neighbor distances

are distributed equally over the top surface of the n-
dimensional standard simplex, i.e. over the set

To={yel0,1"] Y ui=1} (12)
i=1

If Q now is a quality measure that can be expressed in
terms of the next-neighbor coordinates, i.e. as a func-
tion of y, then its expectation value can be calculated
as

E[Q) = / Gl y) Qy),  (13)

INote that this is not the same as counting the node indices
mod n, even if we will make use of similar concepts later on.



where ;2 ~°% is the probability measure of equal dis-
tribution on 7,,.

For our quality measures related to node-to-node
connectivity, the function Q(y) usually involves terms
of the type (p — y;), where 6 is the Heaviside theta

function,
1 ifz>0
0(x) = =7 14
(@) {0 if 2 < 0. (14)

Integrals of functions of this kind over 7;, can often
be explicitly solved; cf. also the Appendix.

The above formalism allows us to obtain explicit
results for quantities related to the next-neighbor dis-
tances. Let us recall the main result of [4]: If
k-DISCONN is the event that the network is discon-
nected at exactly & places, then its probability is

Pypisconn = Uf(—l)j_k (’;) (?) (1—jp) 1.

j=k
(15)
Here [1/p] denotes the greatest integer less or equal to
1/p. Inthe limit n — oo and np — Inn — 7, one has
—nk
k!

(n,p) n—oo €
Ppisconn —

e . (16)

IV.A. Connectedness

As a first quality measure, let us consider the prob-
ability that the network is connected. Accounting for
the periodic boundary conditions, we consider the net-
work as connected, if each node is connected to both
of its nearest neighbors. More formally, we define
the quality measure Qconnectedness t0 be the character-
istic function of the event 0-DISCONN above. Using
Eqg. (15), we directly see that

(1/p] n
E[Qconnectedness] = Z(—l)] <]> (1—jp)n_1. a7

i=0

In the limit n — oo and np —Inn — 7, one obtains
from Eq. (16):

n—~00

E[Qconnectedness] —— e (e, (18)

The right-hand side approaches 0 if we choose large
negative values for . A limit n — oo, np — const
will involve even smaller values for p(n); and since

Qgcl)r%ectedness is monotone in p at fixed n, it follows
that E[Qconnectedness) — 0 whenever np — v. Thus,
connectedness is not an intensive quality measure, and
applications relying on connectedness of the network
may reach scalability bounds.

IV.B. Area Coverage

Area coverage can in fact be calculated without re-
ferring to next-neighbor distances: We can certainly
say that E[1 — Qcoverage] is the probability that a ded-
icated point, distributed at random to [0, ¢], will fall
into the range of none of the MANET nodes. The
probability for the dedicated point to fall into the
range of one specific node, however, is simply 2p,
where p = r /¢ as usual, and where we assume p < %
Due to the independent distribution of network nodes,
we obtain

E[Qcoverage] = 1 — (1 — 2p)™. (19)
Using the Taylor approximation
In(1 —2p)" = —2np + O(np?), (20)
one obtains in the limitn — ccand np — v > 0:
E[Qcoverage] — 1 — €. (21)

Thus, area coverage is an intensive quality measure.

IV.C. Segmentation

Within our 1-dimensional system, it is easy to de-
rive an explicit expression for the segmentation: We
know that the event k-DISCONN corresponds to a sit-
uation with exactly k& network segments, where we
count the connected situation as 0 segments in order to
account for the periodic boundary conditions. Since
these events are disjoint, and since their union (over
k = 0...n) exhausts the sample space €2,,, it follows
that

1 n
ion = — kxk- ) 22
QSegmentatlon n kz_;) Xk-DISCONN (22)
Here yk-pisconn denotes the characteristic function
of the event k-DISCONN; its expectation value
PBipisconn is known from Eq. (15). Thus, the expec-
tation value of the segmentation is

[QSegmentation] =

n 1/” 1yi- kk< ><?>(1—jp)”_1- (23)

k: 0 j= k
In the sum over j, we may replace the lower limit with
0, since the binomial coefficient (7) vanishes for j <
k. We may then exchange the order of summation and
obtain

1 (1/p] I
E[QSegmentation] = n Z(_l)J <]> (1- jp)n_l

=0
v zn:(—l)kk@). (24)

k=0



Likewise, we may replace n with j in the upper limit
of the sum over k, since the summand vanishes for
k > j as well as for j > n due to the binomial
factors. However, it is easy to see the following [4,
Lemma A.9]:

z;(—l)’fk@) _ {;1

k

ifj=1,
otherwise.

(25)

So in Eqg. (24), only the summand for ;7 = 1 remains.
Assuming p < 1, that leads to the result

E[QSegmentation] =(1- p)n_l. (26)

Using Taylor approximation as in Eq. (20), this means
that in the limit np — v > 0,

E [QSegmentation] —e 27

SO (segmentation 1S intensive as well.

IV.D. Vulnerability

In our 1-dimensional model, the importance of a node
is either 1 (if removing this node splits the respective
network segment in two parts) or 0. As before, we
count the connected situation as having 0 segments.
We may describe the event j-IMPORTANT (meaning
that 7; = 1) directly in next-neighbor coordinates as

(i1 <p)A(y; <p)A(yj—1+y; > p)}, (28)

where the coordinate indices are understood “modulo
n,” i.e. yo is identified with y,,. We assume n > 2
in the following, so that y; and y;_ are independent
coordinates.

The set in Eq. (28) is alternatively described by the
fact that none of the conditions ;1 > p, y; > p,
and y;_1 +y; < pis fulfilled. Thus, we can apply
the well-known inclusion-exclusion formula in order
to obtain

Pjamportant =1 — P(yj-1 > p) — P(y; > p)

= P(yj—1+y; <p)+Ply; = pANyj—1 = p)

+ P(yj—1 2 pAyj—1+y; <p)

+ P(y; 2 pAyj—1+y; <p)

—P(yj-1 =2 pANy; 2 pAyj-1+y; <p). (29)
The last three summands of this expression obviously

vanish. Further, we can apply Eq. (A2) of the Appen-
dix to calculate

P(y; > p) = /duf‘eq(y) 0(y;—p) = (1—p)" ",
(30)

and likewise

Plyj-1>p)=1-p)" 1, (31)
Plyj1>pAy;=p) =1-2p)" " (32

here we assumed p < 1/2. Finally, Eq. (A3) shows
that

P(yj—1+y; <p)
= /duf_eq(y) 0(p—yj—1— )
=1-(1-p)" 1+ (n—2)p). (33)

Combining Egs. (29) — (33), we showed that

Pjamportant = (np — 1)(1 = p)" 2 + (1 — 2p)" 1.

(34)
Inserting into Eq. (4), we obtain for n > 2 and p <
1/2,

1 n
D iyl = = > Py
[Qwulnerability] n 2 ’i-IMPORTANT

= (np =11 = p)" 2+ (1-2p)" ', (35)

A Taylor approximation (as in the previous sections)
leads to the following asymptotic behavior in the limit
np — v > 0.

E[Quumeravility) — (v — 1)e™” +e 2. (36)

Thus, vulnerability is an intensive quality measure as
well.

IV.E. Reachability

Following its definition in Sec. Ill, the value of
QReachability iN our model is

e (n — 1)/n in the events 0-DISCONN and
1-DISCONN,

o more generally, n=2 3% b;(b; — 1) in the event
k-DISCONN, k& > 1, where b; are the sizes of
the k& network segments.

To get a more explicit description of the latter case for
k > 2, we define the events SEGMENT-m-b, where
m e {1,...,n},be{1,...,n — 1}, which describe
that a segment of the network begins exactly at node
m, extending “to the right,” and has a size of exactly
b nodes. (Again, the node coordinates are assumed
to be sorted, and the indices are defined modulo n.)



quality measure expectation value intensive?
atfiniten > 2,p < 1/2 asymptotic (n — oo)
[1/p] i
()Connectedness Z(—l)j < > (1—jp)t e— (e no
3=0 J where n = np —lnn
Qcoverage 1—(1-=2p)" 1_ o 2v yes
where v = np
QSegmentation (1- p)n_l eV yes
where v = np
(QVulnerability (np—1)(1 — p)”_2 (v—1)e v + e~ Ves
+(1 —2p)"1 where v = np
(Reachability see Egs. (38) and (41) 2¢" — (1 + 2eM)e€") no
where n =np —Inn

Table 1: Overview of the results for quality measures. For the asymptotic formulas, we assumed sequences with

np = const or np — Inn = const, respectively.

This can be formally expressed by the characteristic
function

XSEGMENT-m-b(Y) = 0(Um—1 — p) O(Ym+b—-1 — P)
m-+b—2

x H 0(p—yi). (37)

It is easy to sum over the size of the segments:
Since the events SEGMENT-m-b are obviously dis-
joint from 0-DISCONN and 1-DISCONN, one simply
has

n—1
—— (X0-DISCONN + X1-DISCONN)

QReachabiIity = n
n—

n 1

b(b—1
+ ( 3 )XSEGMENT-m-b- (38)
m=1 b=1

Since the expectation value of the first summand is
known from Eqg. (15), it only remains to calculate
PsgemenT-m-b In order to determine E[Qreachability]-
Using the definition in Eq. (37), and applying Eq. (A1)
of the Appendix twice, we see that for n > 2 and
p<1/2,

PseGMENT-m-b = /dug_eq(y) XSEGMENT-m-b(Y)

m—+b—2
— (1 —=92p)" L T—eq P —
=20 [t T] o325, -
= (1=20)"""P(Ym < p' A ANYmgp—2 < p),
(39)

where p/ = p/(1 — 2p). For determining the prob-
abilities P(y,, < p’ A ...), we once again use the

inclusion-exclusion formula, which yields

P(ym < p' N o NYmyp2 < p') =

b—1

S Py =0 A Ay, = 0 (40)

j=0
the sum >_" runs over all subsets {m,...,m;} C
{m,...,m+b—2}. Again, the probability in the sum
is known by Eq. (A2) in the Appendix. This leads us
to

PseGMENT-m-b =
(1/p'] b1
-2t 3o (" e @
§=0
Inserted into the expectation value of Eq. (38), this
provides an explicit (but lengthy) expression for
E[QReachability]- In the limit n — oo, however, one
can obtain a much simpler form: Setting out from
Eqg. (41), it can be shown [4, Sec. 4.2.5] that for

np—Inn — n,

n

n—1

b(b—1
Z ( 5 )PSEGMENT-m-b
b=1

n
m=1

n—oo

T2, 9" — (7T + 24 2eMe ). (42)

Since the limit values of B).pisconn and Pi_pisconn
are known from Eq. (16), we find the asymptotic be-
havior

E[QRreachaility] — 2" — (1 + 2¢eM)e (")
asnp—Inn —n. (43)

Noting that QRreachanitity IS monotone in p at fixed n, it
is clear that E[Qreachability] — 0 as np — v; so the
reachability is not intensive.



® simulation results
—— analytical (asympt.)
— analytical (exact)

Figure 4: Comparison of results for the coverage
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Figure 5: Comparison of results for the segmentation

V. Comparison with Simulations

We now wish to test the validity of our analytical re-
sults against those of numerical simulations. In con-
trast to the static situation considered in Sec. IV, we
will base the simulations on an explicit motion model
for the nodes, and obtain the mean quality levels by
averaging over time. One would expect that this setup
also leads to a time-independent spatial distribution of
nodes in the long run; however, this aspect is not ex-
plicitly modeled.

Our first simulation stays very close to the math-
ematical setting of Sec. 1V, except for mobility; i.e.,
nodes move along a straight line and are able to con-
nect across the boundary. Figures 4 to 7 show the re-
sults for p = 0.03. The figures compare the analytical
results (approximation and exact formulas) with sim-
ulation data. The simulations confirm the analytical
results, as the results match the corresponding values
of the exact formulas. In addition, except for smaller n
in the reachability chart, the approximation formulas
lead to results that are very similar to the exact results.

In a second simulation study, we do not so much

Q\Iulnsrabllity
0.18

0.16 [

® simulation results
——analytical (asympt.)
——analytical (exact)

0 50 100 150 200 250

Figure 6: Comparison of results for the vulnerability

® simulation results
——analytical (asympt.)
——analytical (exact)

Figure 7: Comparison of results for the reachability

aim at a numerical verification within the same mathe-
matical model; rather, we wish to show that our results
also remain valid if the modeling context is varied.
Therefore, we compare our findings to an apparently
different MANET model known in the literature [13].

In contrast to the quite simplistic assumptions of
our model, [13] aimed at a more realistic network
topology; the simulation is based on the map of a
shopping center in Downtown Minneapolis. This
shopping center consists of a number of towers which
are connected on the first floor via bridges, so-called
“Skyways” (Fig. 8); we consider users with wireless
devices moving along these paths.

This model is quite similar to ours and mainly
makes the same assumptions: Network nodes move
independently at random on 1-dimensional paths; the
radio range of all nodes is equal with a sharp cutoff
at radius r. However, there are a number of important
differences.

First, the simulation was based on a 2-dimensional
radio propagation, in contrast to our 1-dimensional
model; i.e., two nodes are connected whenever their
distance is smaller than » on the plane rather than
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Figure 8: The Minneapolis skyways: original map (left) [8], inside the simulation environment (right)

along the line segments. (No shielding by buildings,
walls, etc. between the different paths was taken into
account.) In most cases, this is equivalent to our 1-
dimensional propagation, since neighboring line seg-
ments are usually further than r apart; there are some
exceptions however.

Second, the topology of the line segments in [13]
is much more complex than in our simplistic model,
including both open and closed curves.

In order to compare our results of Sec. 1V to those
of [13], we first need to fix the appropriate system
parameter p. The radio range in [13] was chosen as
r = 30 m (the indoor communication range of IEEE
802.11b Wireless LAN), which we can directly trans-
fer to our situation. However, taking the length ¢ to be
the combined length of all paths in the Skyways map
(which is 3653 m), it turns out that the simulation re-
sults substantially differ from those expected from the
analytical formulas. This is due to the 2-dimensional
propagation model used in [13], which allows more
nodes to connect than our 1-dimensional model pre-
dicts.

In order to estimate the order of magnitude of this
effect, we introduce the following heuristic procedure.
First, whenever two parallel line segments on the map
are not further than /2 apart, we count only one of
them in determining ¢. Second, for each point on the
map where 3 or more lines meet, we subtract 1 from
¢. (Note that a node which is located near such a point
covers an *“area” of 3r in length in the 2-dimensional
propagation model, while it covers only 2r when re-
ferring to 1-dimensional propagation.) This leads to
¢ = 2463 m or an effective normalized radio range of
p =~ 0.0122.

Of course, these heuristic corrections are only very

rough and cannot be traced back directly to the sta-
tistical description. However, we shall see that with
the corrections introduced, we can already get a good
match between the results that the two models predict.
Alternatively, one might want to determine the effec-
tive p from a linear fit in Fig. 10(b) below.

After having fixed the system parameters, let us
now turn to a direct comparison of the data for area
coverage, segmentation, vulnerability, and reachabil-
ity.> For all these quality measures, we compare the
numerical results of [13] with our analytical results
listed in Table 1, using the exact formulas.

Let us start with area coverage, displayed in Fig. 9.
The linear plot shows that both models nearly agree in
absolute values for n = 50 and n = 100, and in the
asymptotic behavior as n — oo (where both graphs
approach 1), while there is some difference at medium
values of n. However, the logarithmic plot reveals that
our 1-dimensional model systematically differs from
the simulation, which shows a much lower area cov-
erage at high n. An explanation for this difference is
the boundary effect in the simulation study: as a con-
sequence of the used motion model, peripheral parts
of the Skyways, especially the “dead ends” are not as
densely covered with nodes as one would expect from
the equal distribution. Similar boundary effects are
known e.g. from the random waypoint model [16, 3].

The data for segmentation is shown in Fig. 10. It
shows a good fit between the models, both on the lin-
ear and logarithmic scale. In particular, QSegmentaﬁon
decays exponentially with n quite precisely, which is
visible in the logarithmic plot; this is exactly the be-
havior predicted by our simpler model.

2 connestedness Was not considered in [13], since connectedness
is an exceedingly strict condition for networks of reasonable size.
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Figure 9: Analytical and simulation results for area
coverage in the Skyways scenario. The numerical
data, shown as e, is the same as appeared in [13,
Fig. 3a].

Fig. 11 compares the data for QVumerabimy. For this
quality measure, we also obtain a good fit between the
two models across the range considered for n, except
perhaps for the case of very few nodes (n = 50).

The last quality measure — reachability — is shown
in Fig. 12. While the qualitative behavior agrees be-
tween the models also in this case, there are notice-
able differences in the absolute value of QReachabimy:
In the range of medium n, it seems that in the simple
1-dimensional model, approximately 50-100 nodes
more are needed to achieve the same reachability as
in the simulation. This leads to absolute differences
of up to 0.3 in Qreachability between the models. Tak-
ing into account that the average number of network
segments agrees between the models (cf. Fig. 10), this
points to the fact that some particularly large seg-
ments occurred in [13] that are not predicted by our 1-
dimensional model. The simulation shows that these
larger segments are usually located near the *“cross-
ings” of different paths; so in this case, our heuris-
tic corrections apparently do not fit as well as for the
other quality measures.

QSegmentation
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0.1
*—os e T
100 200 300 400 500 600
(a) linear
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100 200 300 400 500 600

(b) logarithmic

Figure 10: Analytical and simulation results for seg-
mentation in the Skyways scenario

It is also worth noting in this context that
(QRreachability IS more sensitive to the choice of bound-
ary conditions than the other quality measures dis-
cussed. Replacing the periodic boundary conditions
of Sec. IV with “disconnected” conditions (i.e., not
allowing connections via the boundary), it is eas-
ily seen that the resulting differences in QcOverage,
(segmentation, and QVuInerabiIity vanish as n — oo.
However, a difference in Qreachability remains in the
limit np — Inn — 7, as is suggested by Monte Carlo
approximation.

In conclusion, it seems that the numerical results
in [13] can be reproduced in our simpler model at
least in a qualitative sense, and in large parts also
quantitatively. It should be emphasized that this does
not amount to a comparison with experiment; we
merely compared our results to a different mathe-
matical model, which is partially based on the same
simplifying assumptions (e.g. a homogeneous radio
range for all nodes). Still, the above comparison may
support the claim that the predictions of our explic-
itly solvable system are stable with respect to some
changes in the modeling decisions. Differences with
respect to details of the propagation model could be
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Figure 11: Analytical and simulation results for vul-
nerability in the Skyways scenario
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Figure 12: Analytical and simulation results for reach-
ability in the Skyways scenario

compensated by a simple change in the system para-
meters.

V1. Critical Masses

In this section, we want to reveal a general relation be-
tween p and 7. Qreachability, @ coverage AN Q'segmentation
are monotone in n at fixed p, and converge to 1, 1,
and 0, respectively, as n — oc. QVumerabimy is not
monotone, but also converges for large n. Thus, it is
reasonable to look for an n for which the MANET at-
tained certain quality values.

As a MANET should not only have a single qual-
ity property, we combine all four measures in a single
formula. The critical mass for a specific p is the num-
ber of nodes required to get appropriate results for all
four measures. The level of quality is expressed by a
number ¢ € [0, 1]. Higher values for ¢ specify higher

5000

4500

4000

3500
3000 \

CM

—qg=0.99
—g=0.9
g=0.5

2500 \\

2000

1500

1000
500

S T e
0 0.01 0.02 0.03 0.04 0.05

Figure 13: Analytical results for the critical mass

quality demands. We define the critical mass CM, as

CM,:R — N,
p — min{n| min{QCoveragm QReachabilitw
1- QVuInerabiIity> - QSegmentation} >q}. (44)

Figure 13 presents the function CM, for three values
of g.

CM, provides a general guideline to decide
whether a considered MANET will provide sufficient
quality or not. One observation is that a relatively high
number of nodes is required to get a useful MANET.
As an example, consider ¢ = 2000 m and » = 10 m
(Bluetooth), thus p = 0.005. For a quality level of
q = 0.9, we need CM, = 1463 nodes to get a reason-
able MANET.

VII. The Multi-dimensional Case

Our results in the previous sections were limited to 1-
dimensional MANETS, or (in the Skyways example)
to special 2-dimensional systems which become effec-
tively 1-dimensional, since the network nodes travel
along fixed paths. The present authors are convinced,
however, that the main concepts of this paper, in par-
ticular the classification of intensive vs. non-intensive
quality measures, are applicable to general 2- or 3-
dimensional MANETS as well.

To illustrate this, let us note that the analytical re-
sults for area coverage can be generalized to higher di-
mensions: The methods of Sec. IV.B carry over quite
directly to an s-dimensional MANET, where nodes
are equally distributed over [0, ¢]°. This leads us to
the result

E[QCoverage] =1- (1 - Csps)n7 (45)

where ¢, is the volume of the unit sphere in s di-
mensions (¢; = 2, co = m, c3 = 37). In the limit



np® — v, we obtain

E[QCoverage] —1—e ", (46)

meaning that Qcoverage is still an intensive quality
measure in the sense of Sec. I11.C.

Regarding our results for other quality measures,
however, it does not seem straightforward to general-
ize the techniques used; in particular, the formalism
of next-neighbor coordinates is not available beyond
s=1.

Still, some qualitative results can be deduced from
the literature: For a 2-dimensional MANET (in a
slightly different setup compared to ours), Bettstetter
has shown [2] that the probability that no node is iso-
lated from the network is given by

P(no node isolated) = (1 — e‘"”pg)” 47
when expressed in our notation? In the limit n — oo,
np®> — v, this probability obviously vanishes. Since
a network with an isolated node is certainly not con-
nected, we obtain in particular that Qconnectedness — 0
in that limit. Thus, Qconnectedness IS hon-intensive in
2-dimensional MANETS as well. Qualitatively, this is
also in line with results by Xue and Kumar [15].

VIIl. Conclusions and Future Work

In this paper, we analyzed a number of different
quality measures for MANETSs. In general, quality
measures can be classified into intensive measures
(with good scaling properties) and non-intensive ones
(which possibly lead to scalability problems). We
were able to obtain explicit results for all of the mea-
sures in a simple 1-dimensional model. These results
agree with simulation data. Our analytic methods
should be applicable also to other quality measures
in the same model, as long as they can reasonably be
expressed in terms of next-neighbor distances.

Our results can serve both as a qualitative and
quantitative guideline for the design of 1-dimensional
MANET systems, as well as for sensor networks [1].
Due to our explicit results for the expectation value of
quality measures, it is easy to choose the radio range
or node density in a MANET such that it reaches
the desired quality level. In particular, this applies
to the asymptotic formulas; they are certainly simple
enough to even allow computation on the mobile de-
vices themselves.

3Note that in the notation used in [2], the symbol p does not
represent the normalized radio range, but rather the density of the
Poisson process used.

Certainly, we merely treated a small part of the
problems and obstacles that may limit the quality and
scalability of MANETS, and neglected e.g. questions
of routing or end-to-end throughput. Thus, our results
should be regarded as an upper bound to MANET
quality, in the sense that additional problems might
be faced on higher layers.

Also, we only derived our analytical results for sta-
tic deployments of network nodes. While for the qual-
ity measures we considered, we are in good agreement
with simulations that include mobility (cf. Sec. V),
our framework does currently not allow to discuss as-
pects that are directly linked to the time evolution of
the system, such as the question: “What is the prob-
ability that the network is connected for a time frame
of length ¢,?”

In order to answer such questions, we need to make
specific assumptions on the motion of nodes. It would
in principle be possible to incorporate one of the com-
mon explicit mobility models [5] into our context.
From a more general point of view, however, these
explicit models seem to be rather ad hoc and are not
really motivated by properties of the real network sys-
tem. They also include technicalities that might com-
plicate an analytical approach more than necessary.
Therefore, it might be desirable to consider a model
with more natural assumptions, or to explore and com-
pare several such modeling alternatives.

Appendix

In our analysis, we need to calculate certain integrals
over the manifold 7;,, as defined in Eqg. (12). This
appendix compiles some useful formulas to that end.
One can obtain these results by elementary integra-
tion; the reader is referred to [4, Appendix A.1] for a
more detailed exposition.

In the following, letn € Nand A € (0, 1). First, we
present a scaling argument related to the integration
of theta functions: For any j € {1,...,n} and any
integrable function f : 7;, — R, one has

/ dpsy U y) 0(y; — N f(y)

= =" [ A ) £ Ay e
(AD)
where e(;) € R™ is the j-th standard unit vector. By

repeated use of this relation, one can obtain for any
m-element subset {j1,...,75m} C {1,...,n} that

m

/ dp=<(y) [0 —N) = (1 —mA)™L, (A2)

i=1



provided that mA < 1; for mA > 1, the left-hand side
vanishes.

Further, let j,k € {1,...,n} with j # k. Then it
holds that

/ dpT =< () O — 15 — i)

=1—(1-=XN)"2(1+(n—-2))). (A3)
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